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Hilbert-Enskog-Chapman Expansion in the Turbulent 
Kinetic Theory of Gases. II 

Tian-quan Chen ~'2 and Miao-en Yuan ~ 

R e c e i v e d  J a n u a r y  1 0 ,  1 9 8 0  

This is a continuation of the article (I) with the same title. [Tian-quan Chen, 
preceding article J. S t a r .  P h y s .  25, 491 (1981).] We carry on with the Enskog-  
Chapman  expansion here. 
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8. 3 125 THIRD-ORDER CONSERVATION EQUATIONS 

From 125 third-order summational invariants and the equation (3) 3 we can 
derive 125 third-order conservation equations. In order to write down these 
conservation equations we have to introduce the following notations: 

S(t ,-~ , - ) 
i I . . .  i t d  I . . . j m , k l  . . .  1% 

' fI iI = f h(z,~,~,t) II  ( a  - "0 (~j, - ~,) (r,k, - r,k,)dvdO,~e 
r = l  s = l  t = l  

S i ( / + 2 , . m  , n ) = ,~( t+2 , m , n ) 
i " " " iz,.D " " . j m , k l  �9 �9 " 1% ~ i  I �9 �9 " i l pp , j l  " " " j m , k j  " �9 �9 1% 

(on the right-hand side of the above equality, as well as throughout this 
section, the summation convention is implied), and 

A _ a + a + t ~ k ~ + f i ~  0 
At ~-t uk ~ dx k ~%c~ 

The t25 third-order conservation equations can be divided into ten 
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classes, of which the typical equations are as follows: 

(Ouk Ou~ O~,) 
AS (~176176 + + Ox k a---7-- ~ ~ -  + s(~176176 + - -  

Os(O,l,O) OS (o,o,)) 
+ ~ +  - -  - 0  

OXk 03~k 

O S (~,o,o) 

OX k 

(62) 

A S (~'~176 ^ ) Dui S (0,0,0) OUk OUk 0ilk S(]  '0'0) 4- 
a- - - -S-  + + + 

~r OS(],,o,1) 
+ S (~'~176 O u; "~' i,k + 

OS(2~o,o) 
OXk 

= 0  (1 < i < 3 )  (63) 

(I,I,0) A S  i,j 
* Dui S (o,t,o) O U k O U k O ~l k ~ S (!,.1,0) 4- 

a-----Y - +  l - 5 7 -  J 

+ D?j  S(),o,o) "It" OU i ~(l,l,O) + (1,1,0) 
D t  3x  k ~" k# -~'~-~k S i,k + OX k 

os(ty' 
+ 3 ~k + O-~k = 0 (1 < i, j < 3) (64) 

AS (])1,) 1) (OUk Oak Ottk) Dtti ~, (o,1,,) 

A A v A 

-I- Duj q<l'~ O/~l,~<"l'~ 0ut r OUj r 
D t  ~" i, t + + w - ; - , ,  i,k,t D t  - 'J Ox k ~ kj, t - Ox k 

+ O/'ll ~(l, ' , ' ) . t .  OS(I}L'~) ~7(1'2'1) ~c~(1,1,2) ~" ~'~ i, kj, I u o i,J,kl - - 0  
O~ck~, ij, k - Oxk + O~----Z- + OYr 

(1 < i , j , l < 3 )  (65) 

auk Ou\ Oa~ ) 
AS(2'~176 + + Ox k ~ D t  A'----'-'~ ~ X  k -4-'7- + S (2'0'0) + 2S(~  '~176 Duk 

Os (3'~176 0s(2'~'~ +20Uke(2 ,0 ,  o) + - -  + - -  
OX s ~ ks OX k 02 k 

OS(2,o,p 
+ 3~------k-- -- 0 (66) 
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AS(2) '~ ( a u  k au~ O~k)s (2 , ) ,o )+2S(~ , , , jo )Du k 
a~ + ~ + ~ + ~  , o ,  

+ S(2,o,o) D e  + 2 0uk S (2'1'~ a~. 
Dt ~ ~s,:- + ~ S r176 + - -  

OS(3,1, O) k# 
OXk 

0S(22)0) a ~'(2,1,1) 
+ Ox~ + v o j,k _ 0  (1 < j < 3 )  

O~ k 

A(*(211) o j l 0Uk 0Uk aUk ~(*(2,,,1) Duk (*(1,1,1) 
A-----7~+ - ~ X k + - ~ k + - ~ k ] ~ ,  j,, +2-~- -~ ,  k#,, 

b" /5~t x(2,,,o) Ouk Oaj + ~ S ( 2 ~  )+ ~ + 2 e(211) (*(2,,,,) 
Dt . Dt - j ~ " ~'J/ + ~ " k,I 

;:1 r a(* (2,2,1) 
Olll (*(2,1,1) u~..~ kj,l ~'~ kjl 

"{- ~ X  k ~'~ j,k + ~X k + OXk + - -  

(*(212) 
~ j kl 

O~k 
= 0  

(1 < j , l <  3) 

AS(2,2,]) OUk Ol~k O~lk ~ (*(2,2,1) OUk (*(1,2,1) a-------i--+~Ox+ Ox-;S+-y~i~]~ 1 + 2 - b T ~  ~,, 

v A 
OUk K'(2,2,1) -1. ') 3uk (*(2,2,1) + 2  ] ) ?  Ak ~(2'1'1) "[" Dll**/5(2'2'~ 2 ~ X S  ~.p ks,' - - "  ~Xs ~'J ks,l 

Dt  ~" k,l Dt 

• / ' l /  (* (2,2,1) ~ K" (3'2'1) ~ (*(2,3,1) ~ (* (2,2,2) "'-" k ~  + "'-" k,t + v~, kl 
+ O&" k + Oxk O& O.;c~ = 0  

(1 < l < 3 )  

0 U k 0 Uk 0 {l k ) S (2,2,0) DUk (* (1,2,0) 
AS(220)  + "FOX k ~ Dt  k a-- -7-  ~ -~-+ +2 

OUk (,(2,2,0) aUk (*(2,2,0) +2Dfiks(2'~'~ ks + 2 - 0 -~"  ks + - -  
Dt 

O S (3,2,0) 

OXk 

OS (2,3,0) ~ (* (2,2,1) vJJ k 
+ - - +  - - - 0  

(67) 

(68) 

(69) 

(70) 



518 Chen and Yuan 

Ouk OUk O{~k ) D~k ~(1,2,2) AS(2'2'2) + + OX~ ~ Dt u k A " " " " - ~  ~ -g"7" + S (2'2'2) + 2 

A A v A 

+ 2 - - r - o  ~ + 2  + 2  + 2  Ot Dt  "~ k 8x~ o ks 0~, k~ 

0s(~,2,2) 0sO,~,2) 0s(2,2,~) 
+ 2 0 / ~ k  c(2'2'2) + - -  + - -  + - - 0  (71) 

~Yc, " k, 8Xk 8:~k OYc k 

9. THE SOLUTION OF EQUATION (30) 

In order to solve equation (30) we have to calculate the right-hand side 
of the equation. On account of (34), (45), (46), and (47), we have 

= f [ g(~176 + g(')(Z',~)g(~ 

- g( ')(  z ,~)g( l ) (  Z,~) - g(O( Z , s  ] B (  O ) & dO a6 

+ 4Bin 
1<i<3 

A v A = f~o)f~o~o) y~ a,Ax, x)a,,(x,x)+j+ ' 
O<i,j,s,t<4 

d d d , ~ vt'jlt't] 1 E a y ( x , ~ ) a , , ( x , 2 )  w i w  , - 
0 < j , t < 4  ~, l < i , s < 3  

[ aij(x, x)o4t(x , 9~) "[" a4j(x, ~,) 

Xait(X'fC)]( IWI2Wi- 5KTwi)m 
+ 4Blnaaj(X, .~)a4,(x, x) 

[ • iw14 _ 10lwt 2 KT + 15 
m 

(72) 

The expressions for ~-[ g( l)g(O ]z2 and ~.[ g(l)g(1) ]z~ can be obtained from the 
above expression by exchanging z ~ ~ and z ~ 8, respectively. Multiplying 
the sum of these three expressions by ( -  1), we get the expression for the 
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right-hand side of equation (30). In virtue of Wang-Chang and Uhlenbeck's 
results on the eigenfunctions and eigenvalues of the linear Boltzmann 
operator, (2) we get the solution of equation (30) as follows: 

h f Z ) - f ( ~ 1 7 6  (~ ~ ~ t {  ~,, aij(x,.r)a.t(x, f c ) ( w i w . - 1 8 i . [ w [  2) 
0 < j , t < 4  l < i , s < 3  

-t- E [aij(x,'~)a4t(x,~r q- a4j(x,"~)ait(x,fr 
1<i<3 

• 5 g T  w )  + . v m '] a4g(X'x)a4t(x 'x)  

w4 lo, 

+ (the sum of two expressions obtained from the above expression 

by exchanging z ~ and z ~ ~, respectively) 

O<i,j,k<4 

On account of the additional integral conditions imposed on h (2) we 
have the following relations between 125 S's and 125 b~k's. 125 byk's can be 
divided into ten classes each of which is expressed in terms of S's as follows 
(the indices i, j ,  k in the following formulas denote the numbers 1, 2, and 3. 
The numbers 0 and 4 will be explicitly indicated): 

b/j~ = m 3 q(1,1,1) (73) 
n ~ h K 3 T ~  ~" ij,k 

m 3 ( 5 K T  c(0,1,]) .~(2,l,l)~ 
b~ 2n~hK3Tf '~  m " j,k -~"  j,k ] 

(74) 

= m 4 ( ~,(2,1,1~ 3KT R(o,l,1)'~ 
b4J ~ 6n~hK4T27~f. I "  J,~ - m - j,k ] (75) 

= m 5 ( 3 K T  S(O,2,~ b44 k S (2'2'1) _ 3K7 ~ S(2,o,1) _ 
36n~hKSTZ~2f; m k m 

2 ^ 9 K  T T  S + ~-i (o,o,]~) (76) 

m4 ( "* 
bo4~ = 12n~hK4Tf'21 " _ S(2,2,~) + 3KTm S ( 2 ~  + 5 K T  

15K rf (77) 
m 2 ! 
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m3 .v (S(2'2'~) 5KTs(2'~ 5KTs(~ 
book-  4n~hKaTTT m m 

+ 25K2T7 ~ m s  S(~176 )) 

m 6 [ S(2,2,2) _ 3K (~S(2,z,o)+ ~s(Z,O,2) + Ts(O,2,2)) 
b444 = 2 1 6 n ~ h K 6 T 2 7 3 2 I  "2 

9K 2 ^ T~s(O,2,o) A + - - ~  ( T T S  (~176 + + TTS  (2'~176 

- 27 K3T~'Tr S (0'0'0) ] 
j 

m'  [_S(2,2,2)+3(K]'s(Z,~,o) b4o 4 = . , ,  
72nnhKSTZTT2 m 

+ ~s(~ 

+ 5 KT S ( 2 , o , 2 )  _ 9 K2TT S (~176 
m --V-- 

- 15( K2TT S (~176 K2irT' + ~ s<~'~176 

,A.  ] + 45 K ~TTT  S (~176176 
m 3 

m '  I S (2'2'2) -- 5( KT S(2,0,2) .4. 
boo4 = 24nnhK4TTT2 [ \ m 

KTm S(~ 

(78) 

(79) 

(80) 

m 3 [_S(2,2 ,2)+5(KTs(0,2 ,2)+ KTs(2,o,2) + 
booo - 8n~hK 3T~ ]. m m 

Ki?'m S(2'z'~ 

(K2T7 ~ S(z,o,o) K2T'I " s(o,2,o) -25 ~ +--W- 

+ 125 K3TTT" S (~176176 ] 
m 3 J 

K2TT  + ~ s(~176 

(82) 

K2TT" S (~176 - 75 K3TTT" S (~176176 ] 
+ 25 ~ m3 ] (81) 

2 " v K2T~ " - 3 K]" s(ZZ,O) + 15( K~TT S (2'~176 + S (~176 
m ~ m 2 ) 
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10. THE CALCULATION OF J [ h ( 2 ) ( z ' , ~ , Z  ') - h(2) (z ,2 ,z~] :~=x 

It is easily seen from (72) that 

J[ h(2~(z',~,z ") - h(2~(~,2,z) ] ~  

~--'i(O) 04~j~<4t~( 04,44 ~' aij(x"~)a"(x'x) 
1<i,s<3 

+ N [aij(x,-~)a4t(x,x)+a4j(x,-~)ait(x,x)] 
14i43 O-<<t<4 

1 
+ Y, a4Ax, X:)a4,(x,x) 

04t44 

• j[ f(o~7(o){ d~ ' (iw,4 lOi w12 KT+m 15( __~_)KT 2))]) 

+ �89 x 
04j, t44 

X( Z aij(-~,X)ast(-~,x)(wir~s--l~islwl 2) 
l<~i,s<3 

A 

+ 2 [aO'(x,x)a4t(2,x) + a4j(X,x)ait(x,x)]Qwl2wi - 5KT ]~i) 
14i<3 

I ^ A A 4 + a4j(x,x)a4t(x,x) [wl - 101~12 K P  + 15 m 

+ 2 biu(x,x,x)~bi (83) 
04i44 

Where d c denotes the collision difference operator: 

djg = 2 g' + f '  f - fg - fg 
In order to calculate the right-hand side of the equation (83), besides 

the formulas (45), (46), (47) and Wang-Chang and Uhlenbeck's results on 
the eigenfunctions and eigenvalues of the linear Boltzmann integral opera- 
tor we need some additional formulas. 
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Let A, B, and C be three (three-dimensional) vectors with coordinates 
a;, b i, and c; ( i -  1,2,3), respectively. The triadic product A B C  of the 
vectors A, B, and C is defined as a tensor of rank 3 with components 

( A B C  )ijk= aibjCk 

Moreover, 8A, A8 and 8 ~/2A~ 1/2 denote three tensors of rank 3 with the 
following components, respectively: 

(SA),yk= ~ij.ak, (A6)/jg--- aidjk, (8 l/2A~ 1/2)/jk= 8ika j 

Now we begin to derive the formulas we need. A simple calculation 
shows that 

V:'w'w' + w'~'V:' - ~ww - w ~  

= [ , ~ - , , ( o ~ .  v ) ] [ w  + ~ ( , , .  u ~ ] [ w  + ,,co,. v ) ]  

+ [w + ,:,(,,, �9 u ) ] [ , ~  - o,(,~ �9 v ) ] [  ~ -o , (o,  �9 v ) ]  - ~ w w  - ~ 

= (,~w - w,~)~(~ �9 t:)  + (,~,,w - w~,~)(~ �9 t : )  + (,~ + w ) ~ ( ~  �9 u )  2 

+,~(r162 - ww)(,~, u)  - ,~(w + r t : # -  ,~,~(w + r u)  2 

The following formula is similar to formula (44) and can be proved in 
a similar way: 

f o l A a & = c : s i n 2 0 ~ , / E A ~ l / 2 +  2r  3 s i n 2 0 ) U A U  (84) 
I t : l  ~ 

From formulas (43), (44), (84) and the lemma in Section 6 we can 
derive the following formula: 

. . . .  2~r cos 0 - f dc(C, ww)&= (r - ww)u-.--V-OT- (a. u) + (r - wUV:)2crcos20 

[ 2 3 sin~ O) T-d-# v u  Jl + (, , .  v)~(,~ + , , )  ,,,-sin~O,~ + :2,,,.(1 - 

+ U(~v~ - ww)2~r cos 2 0 

- (,~. U)2Ir:sin208 l/2(w + r ~/2 

+ 2'n'(l- -~ sin20) U(WluI 2+ ~)U] 

l j(w + ,~)-- 
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= ~r cos 20 sin 20[ (# + w)aluI 2 - 8 ~/2(~, + w)8 '/21 u# 

- 8 ( ~  + w)l u l  ~ - 3 ( ~  + w) v v  

+ 3~:(~ +w)V+ 3vv(~ +w)] 

= ~r cos20 sin20 {3(ffwff + wffw + ~ , f f  + v~ffw + wwff + www) 

-9 (w~+~,ww)+( lwl  2+lffl 2 2w-if) 

x [ (~ + w)8 - 8  ,n(~ + w)8 ,/2 _ 8(~ + w)]} 

Hence, 

f f(~176 (~,ww)B(O)dO de d6 

= Blnf(O)[ 3 K T  8 I/2w8 J/2 + 3 K T  8w + 3www - 9 K T  w8 
L m m m 

= B,nf(~ 8w-  a'nwS'/2) 

+ 2KTm .(8 '/2w81/2 + 8w - 4w6) + 3wwwJ 

Combining (85) with (46), we have 

=Blnf(~ 3 w w w - - ~  

2 ( i w 1 2  _ _  + 4 (  [w12 5 K T ) w t ~ - 5 m  

• (Sw + ~ ~/2w8 ~/2) } 

(85) 

5KT)m 
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+[Iwt ~ + ( . .  u )  ~ + 2 ( . .  v ) ( . . w ) ] [ ~ - . ( . ,  v ) ] [ ~ - ~ ( ~  . v ) ]  

- 1~12ww - I w l 2 ~  = I,~12(0~ �9 u)(,xw + we,) - Iwq2(,~ �9 u ) ( , ~  + ~,~) 

+ (Iwl = + I~1%(,~ �9 u)=~,,~ + (ww + ~,~)(,~ �9 u )  2 -  ( , f  + u,~)(,~, u )  ~ 

- 2 (~ .  v ) [ ( ~  �9 ~)ww - ( . .  w ) ~ ]  

- 2 ( a .  U)2[ (a  �9 ~ ) (wa  + otw) + (a.  w)(~,a + ak) ]  (86) 

The following formula can be derived in a way similar to that of the 
formula (44): 

f (a" A)Badr + 2 ~ ( 1 -  3 sin28)(A . U)BU (87) iul: 
From formulas (43), (44), (87) and the lemma in Section 6, we can 

derive the following formula: 

= qr cos20 sin20[(l~l 2 + Iw]2)(I UI28 - 3,UU) + 4 ! U[2UU 

- 4[ UJ2(w~ + ~w) + 6(U- ff)(wU + Uw) 

+ 6(U. w)(~U + Uk)] 

= .cos~Osin:O (Iwl:ww + I,~1~,~ + (Iwl: + I~l:)(,~w + w,~) 

+ 4(w. ~)(ww + ~ + ffw + w~) + (l~,l 2 + Iwl 2) 

[l~l: + Iwl : -  2(~ .w)]~ - l l ( I w l ~  + i~t2~w)) 

Hence, 

f f(~176 (Iwl2~ff)B(0)d0 de d6 = B,nf(~ lw148 + ]wl2ww - 25 .KTm ww 

-5KT[wI28+m 20(-~-~) 28 ] 

(88) 
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By virtue of the equalities (88), (47) and Uhlenbeck and Wang-Chang' s 
result about the eigenfunctions and eigenvalues of the linear Boltzmann 
integral operator, we get 

f f(o)~(O)dc[ (IW]2 3KT )(SS__ 1 IS12~ )JB(O )dO d~.d~ 

= _ 1 B,nf(O)(iw148 _ 31w]2ww _ 7KTm [wl26 + 21 gZm ww) (89) 

iw,12w,S, + Wl=S,w , - lwl2wS - i S l 2 S w  

--Iw + . ( . .  v)?[w + . ( . .  v ) ] [ s  - . ( . .  u)] 

+ ts - . ( - .  u)?[s - . ( . .  u)][w + . ( . .  u)] 

- I w l 2 w ~  - I S ? S w  

= Iwl=(,~. y ) ( , ~ s  - w , ~ )  + I S l : ( a  �9 u ) ( s ,  - , w )  

- (twl 2 + ISl=)(~  �9 f ) ~ , ~  + 2 ( ~ .  u ) [ ( ~  �9 w ) w ~  - ( ~ .  S ) S w ]  

+ 2 ( ,~ .  u ) 2 [ ( ,  �9 w ) ( , s  - w , )  - ( , .  s ) ( s ,  - ~ w ) ]  

+ ( , .  u)2(wS + Sw) + (,~. u)'(~,s + s,~ - ,~w - w,~) 

From formulas (43), (44), (87) and the lemma in Section 6 we can 
derive the following formula: 

f < ( I w ? w ~ ) d  ' 

= - (Iwt 2 + IS]2)~r cos20 sin20(I UI28 - 3 UU) 

- 2~r cos20sin201UI2(US + S U  - Uw - wU) 

+ 2Tr cos 20 sin 20[[ U[2wS - 3(U .  w) US - I U[2ww 

+ 3 (u .  w)wU + I U ? S w -  3(u .  S)Uw 

- I Ul=SS + 3 (u .  s ) s u ]  

= ~r r {3(Iw[ 2 + ISl2)(ww + s s )  -I- 3lwl2Sw 

+ 31S[2wS - 9lwl2wS - 9181%7w 

- (Iwl ~ + tsl=)[Iwl 2 + ISl = - 2(w . s ) ] 8  } 



S26 Chen and Yuan 

Hence, 

J f(~176 ( O ) dO & de 

= Blnf(O)(_[wl4d + 3ww[wl2 3KTm [wl2~ + 9KTww)m (90) 

Combining formula (90) with formula (45), we have 

f f(~176 [wl2w- 5KTw)w] 
= Blnf(O)(_lwl4~ + 31wlZww + 7KTm Iw12~ - 21mKT ww) (91) 

iw,121,~,12~, + 1~,121w,l=w , - Iwl=l~l=~ -i~l=lwpw 

--Iw + ~ ( ~ .  u ) l Z l ~ - ~ ( ~ .  U ) l = [ ~ - ~ ( ~ - u ) ]  + I ~ - ~ ( ~ - u ) i  z 

x Iw + ~(~. u)12[w + ~(~- u) ]  - Iwl21~P(w + ~) 

= (w + r}){(lw) 2 + lkl2)(a �9 U) 2 + 2(a. U) 

x [( ,~ �9 w) l ,~ l  = - ( ,~ .  ~ ) l w P ]  

--  (0~" U )  4 - 4 ( a -  w)(a. ~)(a. U) 2) 

On account of formulas (43), (44) and the lemma in Section 6 we have 

f ac(Iwl2l~,12~) a, 

= 2~r cos20sin20[I UI4+ 6(U.w)(U.~)  - 21Ul2(w- }})](w + ~) 

= 2~rcos2OsinZO[2(w " }})2 _ 41wl21}}12 + iwl 4 + I~l ' ] (w + ~) 

Hence, 

f f(~176 (o) dO d~ dO 

[ = 2B,nf (~ Iwt'w - 10 KT iwl2w + 15 (92) 
m 

Combining formula (92) with formula (46) and Uhlenbeck and Wang- 
Chang's result about the eigenfunctions and eigenvalues of the linear 
Boltzmann integral operator, we have 

= 2B,nf(O)[lwlaw 14KT iwl2w+ 35( - -~  )2w] (93) 
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I~ '1~'  + Iw' l~ '  - I~1~ - I w l ~  

= I,~ - o,(,~ U) l"[w + ,~(,~. u ) ]  

+ Iw + ,,,(,,, �9 u)14[,~ -,,,(0~ �9 u ) ]  - I ,~l"w - Iw14# 

m. (Or" U)4(w + w) + 4(a- V)2[(a  �9 ~)2w + (a .  w)2#] 

+ 2(o~. u)=[I,al=w + Iwl=~] + 4(oz. u)[Iwl=(o, �9 w),~ -I,~12(o~ �9 ,~)w] 

+ 4(a- U)3[(ol. w)#-  (a- k)w] 

+ ( ~ .  f ) ( Iwl  2 + 1~12){Iwl ~ -  Iwl 2 -  2(a. U)[a .(w + k)])a 

On account of formulas (43), (44) and the lemma in Section 6 we have 

f dc(Iwl4~)d, 
= -2~r cos20sinZ01Ul4(w § ~) § 4~r cos20sin20l uI2(l~12w + [w12~) 

- 12~rcos20sin20[(~- U)2w + (w" U)2~]  

- 8~ c o s 2 0 s i ~ 0 1 W [ ( u - w ) ~  - ( u .  ~ ) w ]  

- 2~cos20  sin20(Iwl ~ + 1~12)(I uI2(w + ~ ) -  3[ U.(w + ~ ) ] u }  

= ~r cos20sin20 ([41wl21~12 - lOl~l 4 + 21wl 4 - 4(w- i f )2  

+ 4(Iwl 2 + 1~12)(w �9 ~ ) ] w  + [41wtZl~! 2 - lOlwl 4 + 21~14 - 4 (w .  ~)2 

+ 4(Iwl 2 + 1~12)(w �9 ~ ) ] ~ )  

Hence, 

f f(~176 (I w l ~ ) B  (0)  dO de d6 

[ = 2Blnf (~ Iwl 4 + 6 KT iw12 _ 65 w (94) 
m 

iOn account of (94), (46) and the fact that w is a 
invariant, we have 

ff(~176 Iwl4-1OKTm w2+15( -~)2]~}B(O)dOdedg  

[ = 2Blnf (~ twl 4 - 14 KTrn Iw12 + 35 w (95) 

summational 
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1~'t41w'l 2 + Iw't41~'l 2 -1~141wl  2 - Iw141~l 2 

= 1~'121w'12(1~'12 + Iw'l% -1~121wl2(1~12 + lwl 2) 

= (1~12 + Iwlm)(t~'lmlw'l 2 -1~121w1% 

= (1~12 + Iwl%(( l~ l  ~ + Iwl%(~ �9 u )  ~ 

+ 2 ( ~ .  u ) [ l ~ t ~ ( ~  �9 w) - I w l ~ ( ~  �9 ~ ) ]  

- (a" U) 4 -  4(a" U)2(o~ �9 w)(a" ~)) 

where we have used the equality immediately after equality (46). 
On account of formulas (43), (44) and the lemma in Section 6, we have 

f d<(Iwl41C, lm) dc 
= 2zr cosm0 sinmO[I UI 4 -  21UIZ(w .~)+ 6( U.w)(U.~)]([~Im+ Iwl 2) 

= 2rrcosmOsinmO[Iwl 4 + I~[ 4 + 2(w. if)2 _ 4[wlmlWlm](iw[~ + twl 2) 

Hence, 

f f(o)f~(O)d< (1 wi41 ~[2)B(O )dO de d6 

= 2Binf(~ [wl6 ---7KTIwla-m 35( .__~_)KT eiwl2 + 105( KT~ ) 3] (96) 

On account of (96), (47) and Uhlenbeck and Wang-Chang's result 
about the eigenvalues and eigenfunctions of the linear Boltzmann integral 
operator, we have 

m ~ 1~,12 3KT"m B(O)dOded6 

[ ~ Kr 3 ] 
= 2 B i n f  (~ Iwl 6 -  21 KTm Iw14 + 105( - ~ ) l w i  2 - 105( -~--- ) (97) 

Substituting the results (45), (46), (47), (86), (89), (91), (93), (95), (97) 
and the Uhlenbeck-Wang-Chang results about the eigenvalues and eigen- 
functions of the linear Boltzmann integral operator for the corresponding 
terms on the right-hand side of equation (83) and arranging the sum in a 
proper way, we have the following expression for J [h (2) (z', ~, 4') - h (2) (z, ~, 
z-)];=x: 
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O < j < 4  

x[_6ar  ) 1 8 K T  . ,, - ] m aijtx'x)a*4(x'x) + 3bij,(x,x,x) 

+ Z 
l< i , s , t<  

O < j < 4  
I 

>J y, ) • [3aij(x,.~)a~,(x,x + w]2 5KT 
1<i<3 ~ 131 
O < j < 4  

-- 4aij(x,-~)a4o(X, x )  -- 4a4/(x, ~)aiO(x ,  x )  

12--Km r aO.(x, ~)a44(x, x) 

+ 4bij4(x, .~, x) ] 

+ ~ @(Iwl%- 3lwlZwiw, + 
l < i , s < 3  
O ~ j < 4  

12KT a + x A -~ .+t ,x )a , . (x ,x )  

2 | K T  WiWs _ 7 } w 1 2  KT 6i 
m - ~  ~1 

X - -~aO.(x,x)a,4(x,x ) - a4j(x,x)ai ,(x,x ) 

+ o ~ . ~  Iwl - lo m Iw[~+ 15 

• [-4%(x;*)a~(x,x) 12--KmT a4j(x,.~)a44(x,x ) + 2b4j4(x,s ] 

+ Z ~Pj Iwl - 14{wl 2 KT + 35 
1<i<3 ~'l 
O~;j<4 

• w,[=ao.(~,*). .4(. ,~ ) + 4 .4Ax .~ ) . , , ( x , x ) ]  = 
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+ o<~j<4~[ Iw'6- 21lw[ 4 KmT+ 1051w12( __~ ) 2  105( ~ )3] 

l <<i,j,s,t<3 

X Wt 2 5KT (x,x)as4(X,X) + 
m 

l<i,j,s<3 

[ • Iwl 4 - lO K T  Iwl" + 15 2ai4(.~,X)as4(.~,x) 
m 

, :~ 0~, ~ " ~ ) . , / ( ~ , - ~ , , , )  
l~i,j,t<3 m 

X [3ao.(.~,x)a4t(~,x)+ 3a4j(.~,x)ai,(-~,x)] 

+ ~ (l~l ~ ~ ' ~ ) ~ , 0  < 5'~r)  
l <i,j<3 m ,, m 

X w i [ 4%.(~,x)a44 (~,x) + 4a4j ( .~,x)ai4 (~,x) ] 

I + 2 (1~12 5K7~)~i [wl n lOgZlwl= + 15 4ai4(~,x)a44(2,x ) 
1<i<3 m m 

+ Y~ [1~1" l o g / '  lel" + 15 WjW t - -  ~j, 
l<j,t<3L m 

[ X 3a4j(~,x)a4t(~,x ) + N Iwl 4 10K/' l~12 + 15 
l<j<3 m 

X ([wl 2 -  5KT * ^ [ m 11'1)i2+ -m )wj4a4j(x,x)a44(x,x)+ll~14 10K/' 15(K/']Z]m / J 

.[,w, ,o..+.(...] } ., m --m-- ) 2[ a44(x'x)]2 

J [h (2) (z ,  Y ,  Z') - h (2) (z, L z')]; =; has an expression similar to that on 
the fight-hand side of (98). More precisely, the expression for J [h (2) (z,Y, 
Z') - hO)(z,~,z')]~=~ can be obtained by exchanging z and 2 in the expres- 
sion on the right-hand side of (98). 
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11. THE CALCULATION OF [f(l)g(l)ls 

On account of (34) and (50) we have 

g(1)(g,2)f(')(7,) 

0 < j < 4  0 , 3 2 6BI~KT~ O~ s 

( . .  
• \w w, - 

1<s<3 8BInKT ~xs 

m s] 

W l~14- 10 [ffl2+ 15 
m 

(99) 

Using the formulas (86), (89), (91), (93), (95), (97), (99), and the results 
about the eigenfunctions and eigenvalues of the linear Boltzmann integral 
operator due to Uhlenbeck and Wang-Chang, we have 

'[ f(l'g(')]~= glnf(~176 I E ~(WiW,-- I~  'is ) 
| l < i , s < 3  \ 

0 < j < 4  

[ (ais(x'x) m ~ U ~ )  
X --6aoj(X,~ ) 2 6BlnKT Ox i 

(ais(X'x) m ~U~)KT 1 
-- 18a4j(x'x) 2 6BInKT ax i 

1 (We,st-t- Ws,it .Jr wt,is)lwl 2] ~ E @[ wiwswt- -5 l<i,s,t<3 k 
O < j < 4  

x 3aij(x'x) 2 6B]nKT Ox t 

+ w 2 _ 
1 3 m 
O < j < 4  
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( ~o D + ~k 0 )ai4 

( A ) 2 [DUk a~k~ Ou i 
Wk-~x "l-W k -~k ~ ai4 4- -~ai4[-.~XkXk "l.- a.~k l -- ak4 ax k 

aao4 5KT aa44 7K a a T ]  1 aaik 5 1 aT -- "~xi + - -  + ,, z'-x- 
m ax i m 44 ~Xi ) 3 DX k -6 aik T Dx k 

2KT a441 ap ( 1 < i < 3 )  (107) 
m p Dx~ 

(0o v D ~0_~)ao ~ ~ +  ~-~ + 

Dr D~ 

m ~ ago + "~ ~ a~ (108) 

(Do D +~k,,~ lao4 

= Wk ~ + Wk ao4 + ao4 D.~k 

o 4,3,  , ,ao  
+ -2"- [ m Dx k m 0 Dx~ ] ~a~ 7~ D~k 30:~k 

(109) 

(ao a A o )  +v~ ~ +v~ ~ ~44 

o(w  k ~ "1- W k a44 + a .  ~ "1- - ~ k  -- ak4 Z a x  k 

5 I aT 1 Oak4 1 aa4k 
---6a4kT D.:~ k 3 aXk 3 a.~ k (110) 

Substituting the right-hand sides of the equalities (105), (106), (107), 
(108), (109), and (110) for the corresponding terms on the right-hand side of 
(104), we can get the following formula through an elementary, but slightly 
clumsy, calculation: 
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0o 0 G & / g(') ~+vk-~+ ~ 

0 ^ 0  ^ 

|1 ~;i,k<3 \ t O<j<4 

x [ au(x,~) 
T 

OT + m . Oui Oui Oaij(x,x) 

+ 2 4(Iwl 5ICr w.[ m . o r  
1<i<3 " m ] 'L a~ + 
O<j<4 

§ 

9a4j(x,2) OT 
2 T Ox i 

2m 3Uk 
-- 15KTai j (x ,2)  ~ Ox k l<k<3 

( Oui OUk]  Oa4j(X~ 3~) 1 
m ~,, akj(X,~) ~Xk § OXi ) § 5 K T  l <k-<<3 Ox; 

IOKT Iwl2 + 15(KT) 2] 
m 

"~ 2 4IWiWkWl--5(Wi~kl'~-Wk~il'~-Wl~ik)tWI 2 
l <~i,k,l<3 I 

O<j~4 

Xaij (x ,2)  OUk m + ~ 4[IW14 
Ox t K T  o<j<4 [. 

OT 
X m.___m.____ ~,  akj(x,x) Ox k 

6 K T  z l~k<3 
" 4 + ~ @wl ~k,- 31wl2wk w, 7KT 21KZw w -~lw128~t+ m ~ q l<k,l<3 

O~<j<4 

m 3 T  m OUk ] 
X 6 K T  2akj(x '2)  Ox! 3 K T  a4j(x'2) Ox t j 

§ ~k< ]WI4__ 141W!2 K T  + 35 
1 3 m 
O<j<4 

X W m---~a4j(x,2 ) OT} 
k 2KT2 

+ the expression obtained from the above expression by 
exchanging z and (111) 
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13. THE SOLUTION OF EQUATION (31) 

Substituting the right-hand sides of (98), (100), and (111) for the 
corresponding terms on the right-hand side of the equation (31), we have 

:B'nf(°:(°){  l<i,k<3 ~ ~'(WiWk--~IWI2)\ 
O<j<4 

,, 18KT a . . . .  × 6aO.(x,x)ako(X,X ) + ~ o(x,x)ak4(x,x) 

,, 9KT a "x " " + 3a°j(x'x)aik(x'x) + m 4j( ,x)aik(x, x) - 3bijk(X,X, x) 

"[" a4j(x"~) ( -~X~ +-~xiaUk ) + --B,nT1 a[ raij(x'x)] 

1<i<3 m X l~<k<3 
O<j<4 

akj( x, .~)aki( X, X) 

+ 4aij(x,-r) ~a akk(X,X)+ 4aO(x,-x)a4o(X,X) 
l < k < 3  

+ 4a4j(x,.~)aio(X, x) + 12KmT aij(x,.~)a44(x , x) 

+ 2 4 K T  a4j(x, .~)ai4(x ' x )  -I- 4aoj (X  , x)ai4(X , X) 
m 

A 4m ^ -4bij4(x,x,x) 45B]nKTaij(x, x) ~,, auk 
l<k<3  aXk 

( au~ aUk ) 3 ^ aT + 2m ~ akj(x,.~ ) ~ + + a4j(x,x) 
15BinKT l<k<3 ~ ~ 

1 a%(x,~) } 
+ B1 n ax i -- 
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I w] ~i, )[--4aO(x,x)as4(x,x) ] 
l<i , j ,s<3 m 

dr" E (WjWt--~jt)(IW[ 2 - -  
l<i , j , t<3 

+ ~ OwJ ~ , - ~ ) ~ . ( l ~ j ~ - - -  
l < i , j <  

A 

5 KT ) ~ [ _ 6a,y(2, x)a4t (.~, x) ] ] iL 

5Kf,,, ) 

X wi[ - 4a/j(2, x)a44(J , x) - 4anj (.~, x)ai4(.~ , x) ] 

+ ~] Iw[ 4 -  10Kr-lwl~+15 Iwl 
1<i<3 m ~ m 

• ~i[--4ai4(~,x)aa4(~,x)]* ~ (wjwt--l[wl2ajt) 
l<j , t<3 \ 

[ " • IWl 4 -  ]0gZl,~l~+ 15 [-3a4j(~,x)a4t(~,x)] 
m 

+ (iwl 2 5 T 1 0 g f  i,~1 ~ + 15 l < j < 3  Wj I1~[ 4 m 

[ X [-4aay(.~,x)a44(.~,x)] + lwl 4 10gTlwl = + 15 
m 

x I~l 4 l~ 15 ~ ( -2 [a . (~ ,x ) ]  2) 

+ the expression obtained from the above one by exchanging z and ~ 

(112) 

Wang-Chang and Uhlenbeck (2) have found all the eigenfunctions with 
their corresponding eigenvalues for the linear Boltzmann integral operator. 
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Some of them, which we shall use in the sequel, are listed as follows: 

Eigenfunctions 

f(0) 
f(~ i (1 < i ~< 3) 

f(0) Iwl 2 
1 f(~ j - ~ 1wi260.) (1 < i, j < 3) 

f<0)(Iwl2 5gTmf i]w (1 < i < 3) 

l f(~ k - + wjSik + 

(1 < i , j ,k  < 3) 

f(0) iw]4 _ 10 KT lwl 2 + 15 
m 

f<~ - 31wl2w, wj -7 gZm Iwl2~Y + 21 KTm wiwjj 
(1 < i , j  < 3) 

ff~ 14 KT Iwi2 + 35( ~-~ ) 2] 
- m wi 

(1 < i < 3 )  

fr176 - 21 KTm Iw14 

The corresponding 
eigenvalues 

0 
0 

- 6Bin 

- 4Bin 

- 9Bin 

-4Bin  

- 7Bin 

- -  6Bin 

+,05(m) ,w, '2- '05( ) 3 lj • 6 B l n 

Each tensor product  of two eigenfunctions of the linear Boltzmann 
integral operator is an eigenfunction of the linear Boltzmann double- 
integral operator with the sum of two corresponding eigenvalues as its own 
eigenvalue. For instance, 

m z 
ll_ ~ [ f(oT(oT(O)(wiwj _ 31,~. iWi2~t~ )(i,l~12 _ 5K.~ )Wk ] ' 

= ( -6Bin  -4Bli~)f(~176 - 1 iwiZS/j)(l~12 5KTm ) l~k 
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Using the above facts, we find a solution of equation (112) as follows: 

O ", O I " 1 ~ik,W[2 ) g(2) =/< ?<) 2 ~//(wiwk--~ 
[ l < i , k < 3  " 
k 0 < j-.<< 4 

f 
• 3Krm aij(x':~)ak4(X'X)- la~ 

3KT . 1 ^ 2m a4j(x' x)aik(x' x) + -~ bo.k(x, x, x) 

6 B i n  ~ x  k + 

1 a[ra~(x , ; ) ]  l 
6BlnT ~x k J 

~] @( 2 I I 5~ )T + w ,  - 
1 < i < 3  \ 
O < j < 4  

2 ~ akj(x,2)aki(x,x)_ _~saq(x,2 ) 
X W i - -  1-'-5 l < k < 3  

y~ +,~(x,x) 
l < k < 3  

- ag(x, ~)a4o(X, x) - a4j(x, ~)a io (X  , X)  -- 3KT 
m 

aij(x, 2)a~(x,  x) 

,, m 6KT a4j(x, 3~)ai4(x ' x )  q- bij.4(x , x ,  x )  -t- 4 5 B , n K T  aO(x' 2) 

K Z Oxk 30B,nKT E akj(X'X)-~xk + 
l < k < 3  l < k < 3  

A 

- a~  4 nT a4j(x's ~x i 
1 aa4j(x,'~) ] 

4Bin ax i 

^[ 1 Wflik )lW]2 ] + 2 ~+ w,w~w, - -~ (wA,  + w~,, + 
l <.i ,k, l<3 k 

O-<.<j < 4  

• aij(x,x)ak,(x,x) 6B]nKTaO(x,x)'-~xt -- 
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+ ~ iwl 4 lOgZlwl = + 1 5  - -  
0 <"7< 4 m 

^ 9KTa .Ix " 1 x - a4y(x, x)a4o(X, x ) -  ~ 4j, , x)a44(x, x) - -~ aoj(X, x)a44(x, x) 

+ b4j4(x,x,x ) m 2 akj(X,X) ~X k 
24B]nKT 2 l<k<3 

+ ~ ~[ Iw148k'-31w12wkw'-----m-7KTIw128~'+21Kzw~w']-m 
l < k , l < 3  I. 
0 < j < 4  

X - -~a~j(x,x)at4(x,x ) -  a4j(X,X)gkl(X,X ) 

+ m a4j(X, 2)(~Uk ~Ul) m 3T]  
36BInKT ~ + ~ + %(x,x) 24BlnKT 2 

+,<k<3 ~ 4I Iw14- 14KTm Iw12+35(~KT)2] 
0 < j < 4  [1 ^ . m . , , . 3 T ]  

X wk -~akj(x,x)a44(x,x) + a4j(x,x)ak4(X,X) 8B1nKT 2 a4j(x,x) 

+ 0 <~j <44[ [w[6- 21 KTm.. [w[4+ 105( --~ )21w12- 105( __.~_)KT 33 

• [la4j(x,2)a44(x,x)] 

+ the expression obtained from the above expression by exchanging 
z and 

- -~ aij(x, x)a,t(x, x) 
l<i,j,s,t<3 

+ E (Iwl 2 - -  
l<i, j ,s<3 

+ ~ [Iwl 4 - -  
l < i , s < 3 L  

1 A A ~ w 2 
X'2ai4(x'x)as4(x'x)+ 1 <i,j,t<3( "~ wjwt -- [-~-I 8Jr) (1~[2 - - 

m ~ ) ~ , '~ s -  ~ Iwl ~,s 

5KTm )= 
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Xwiaij(x,x)a4t(x,x)+ ~a (Iwl 2 5gZ)wiOl~12 5~)  
l ~ < i , j < 3  m 

X w,[ aij(x, x)a44(.x, x) + a4j(.~, x)a/4(.~, x) ] 

- Iwl ]j 
1 < i < 3 1 _  m ~ m 

• + ~ (wjwt -- [-~-Sj,) 
l ~ < j , t < 3  

• 
5 K T  ~ 4 

1 < j < 3  

>(a4j(x,x)a44(2,x) + [Iwl'- 

A A m ~ la4j(x'x)a4'(x 'x)  

10KTm r wl2+ ,5(~)"~ 2] 

X[]}~, 4 10inK2# ,#12 + 15( --~ )2] 1 [ a~()~.x) ]2 } (113) 

Obviously the above solution satisfies the additional integral condi- 
tions. 

14. APPROXIMATE EQUATIONS OF ORDER 1-~ FOR TURBULENT 
FLOWS 

The summation convention will be used throughout this section. On 
account of (72) we have the following equalities: 

s(~,o,o)~o~ = ! [R(~,O)(x,~)R(),o)(x,~) + R~),o)(x,~)R(~,O)(x,~)] 
n 

8iy + y [s(~,0,0,_ !"(a'~ 

(1 t) - ( l o )  * ~J[S(2'~'~ ,:~ (x ,x)R /" (x ,x) )= 
+-~ n 
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8(2,1,1)(o) = 1 [R(l,l)t-.~. #,~D(l,l)/v. r p(1,1)/,r ~),D.(1,1){,r 
O,k,t n ;,k ~ , ~ t  ~" j ,t  ~ , ~  + "" ~,~ ~ , ~ ) ~ "  ~,~ ~ ' ~ ) 1  

~/J [ e ( 2 , ~ , ~ ) _  2 R ( L ~ ) ~ , .  ~',o(~,~)r,.. ~"~1 dr "~- [ ~.a k,l n ~,k~. ~ ,  -~) - -  ~,t ~.-'-, ~'1 

S(%2,0)(0) = 1 [ R(],2)(x,.~)R(),O)(x, yc) + R(),2)(x,.~)R ] ,O)(x,)~) ] 
~J n 

+ 3.[ S(~,~,~ R(#~)(x,~)R 

ij, k n i ~,"~',"~'.1 a~" j , k  ~,-'~,"~} dl- i,k ( X , X ) ~  

t~0"[ 2R(1,2)g.. r 3~)] "1" ~ S(2 '2 '~  ) - n t ~,-"-,~1-- t,k ~,~, 

S(z2,z)(o) = 1 rR(,,=)~,. ~.,R(,,~)~,,. ~) R(),=)(x,:e)R(],=~(x,.r,)] 
'Y n l . ' "  i ~ - - ' w " j  ~", + 

6/j n 

S(~,o,o)(o) _ 5 K T  _Y;(sl'~176 
m 

S(3,.l,o)(o) _ 5KT  S(~)1,o) 
t,j m 

+ ~ [,,(~:~,.,~)(,,(~,O,(x,~)_ ~m ~,,~o,o,(~,~)) 

S 0 , 1 , 1 ) ( o ) _  5 K T  s (  ],).1AI) 
i,j,k rn ' ' 

+ ~ [~,,(x,~)(~,~,(x,~)- ~m ~ ~o~,(~,~)) 

+ , ,  ,,~ ~ ,  ( x , ~ )  m 
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S(~,,2)!)(o) _ 5KT S(1,~-,1) 
m i, j 

+ 3~tR(],2)(x,k)(R(2,))(x,~)_ 3KTm R(~ 

S(/3,2,o)(o) _ 5 KT S( ~,2,o) 
m 

S(3,2,2)(o) _ 5KT S(~,2,2) 
m 

Substituting the right-hand sides of the above equalities for the corre- 
sponding. S's in the conservation equations, we get the following 125 
approximate equations governing the evolution of 125 S's: 

(Ou~ 0~  Otis) OS(], '~176 OS(~ ,~ 
AS(~176176 + + ~x~ ~ + ~x~ 0 ~  At ~ ~ + S(~176176 - -  + 

aS(O,O,~) 
+ ~ = 0  

AS(],o,o) ( ~Uk OUk a{tk t,~(1,0,0) Dui s(O,O,O, 
At +~ax~ + ~  + ~ 1 - '  + 

a_ ~(1,o,o) Oui v,.,a ~,( lA,0)i,k ~ ~,( 1,0,1)~, k 
- ~ ,  k ~ x ,  + ~-~k + ~-~ 

+�89 _ n2 = 0  

( 1 < i < 3 )  

(114) 

(115) 
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auk aak aak) 
AS(2'~176 + + aXk ~ Dt A------i~ ~ ~ + S(2'~176 + 2S (]"~176 Duk 

aUk 1 + 2 ~ -~ [ R (';~ ~)R (2"~ Y,) + n (2,~ ~)n (';~ ~)] 

+ 5K a (TS(~,o,o)) 
m ax k 

m 

as(2,], o) as(/,o,~) 
+ - - +  - -  - 0  

a.,~ k aX k 

~s(~9 '~ ( aUk a'~k a,~k) ~(,,,,o) Ouk 
A-----7--- + ~ ax k + -~k + ~ S(2~)'~ + "~' k,j Dt 

+S(2 ,o ,o )  l~uJ 2 aUk (1,1) ^ (1,0) * + - [R kj ( x , x ) g ,  (x,x)  
Dt n 

(118) 

+ R (L)!)(x, ;)R (~,~ ~) ] 

2 + -~ ( Ouk - 2 R( ))l)(x,.~)R( ),~ fc) ] 

0~ S(2,1,o) 5K 0 + ~ k + - -  - - ( r s ( ~  -'~ 
m ax k 

+-3-~Xk ( n m 

m 

1 

~ ~,(2,1,1) 
+ ~ S(2,2,o) _ 2 o(z,1)t~ .~o( I ,o ) t .  2) + - -  - 0 

n a2 k 

(1 < j < 3 )  (119) 
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+ R(~'2)(x'x)(R(2"2)(x'~)- 3K~'R(2'~ 5Kin 3Yq,~ (TS(2'2'~')) 

+ ~ -~X ( l [R(2'l)(x'x)(R(2,2)(2,2)- 3K~R(2,O)(2,fc) m 

(123) 

Equations (114)-(123) represent 125 equations which, together with the 
30 equations represented by (53)-(61), form a system of approximate 
equations governing the motion of turbulent flows. We call this system the 
approximate equation system of order 1 ~ for turbulent flows. Since the 125 
S ' s  do not appear in (53)-(61), we can solve equations (53)-(61) indepen- 
dently. This fact makes the approximate system of equations of order 1�89 
mathematically insignificant. 

On account of (113) and the result for the zeroth-order approximation 
of the R's, we have 

Ri (2,~176 + R/(k 2,~ 

_ 1 { .e(1,0,1)r.. .  x) -- o(1,1)r~ x)R(O,O)(x, 
n2 '"-" i, k~. . . . . . .  /,k t.-~, -~) 

- R (),~ ~)R (~,o)(., x) - R q;~ ; )R (~,~ x) 

18B 1 ~-~x~ + "-~xi 

- 2R(],~ ~)Rq,O)(x,  ~) 

- 9e; ~ R(2,~ - 3~rm R(~176 

3~1m a~, �88 R(]'~ = 
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+ ~ R(],~)(x,2)[ 3/(r R(o,O)(x,x ) - R(o,~)(x,x)] 
3 n  2 m 

+ 5_~R(],O)(x,x)[ 3KT R(O,2),x 2 ' -  R ( 2 ' 2 ) ( X , 2 ) ]  
3 n  2 rn ~ , I 

+ 5 R(o,~)(x,2)[ 3/(r R(],O,(x,x)_ R(l,2)(x,x)] 
3 n  2 rn 

+ 5[S(]'2'2)(x,2, x)-3KTs(] 'Z~ x)] 
m 

5/( (R(~,~,(x,~)_ 3/(/'R(o,2)(x,2)) or 
6Blmn m ~ x  i 

12Blm 'Ox~ mn m '" 

_ 4 R(2,1k)(X,2)R(1,1 ). A. 
3 n  2 

m 

m 

m 

2KT R(2,~)tx 2,[ Ouk K~ R(2,p(x,2) Ox~, 

O2 5K (R(2,2,(x,2) 6Blm~ m 

5KT 2 0 [ I____x_R(2,2)(x,2)3__.KKR(Z,O)(x, 2) ] 
12Blm 02i AT mn 

+ 5KT R(Zl)(x,2)} = 0 (129) 
m 
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Equations (53)-(55), together with (114)-(129), represent 155 equa- 
tions which form the system of approximate equations of order 1 ~ govern- 
ing the motion of turbulent flows. The system of the equations will be 
greatly simplified if the flow is supposed to be incompressible: 

0 S ( ]~1,~ l) 
- 0  (1 < i , j < 3 )  

O~k 
r 
,-, j,k - 0  (1 < j < 3 )  
~ k  

AS(~,) ',~c1) aUi ~(1,1,1) OUj ~,(1,1,1) § a/g, ~,~(l,l,l) 
At + g~xk " ~J'' + T ~ 7  ~' """ a& " ~j,k 

(1,1) ~- a l[R(bl)(x,*)R(~:})(x,*)+ R kj(x,x)R(~',1)(x, Jc)]} 
+ -a-~7~ { ~ 

§  ~ X / I  ~ [K,(2,,,1)~, J,l -- 2R(Ik ,1) (X, .~)R(I , ,p (X,~)]  

.lr "'),,z * ,1,1),,, * "  R ( b " ( x , ~ R ' ~ : P ( , ~ , ~ ) ] }  + (x , ,+  

I 0 (e(1,2,1) 2 o(1,1),_ #~o(t,l),. ~.x] 

O { 1 [R(l,l)t, _ ~-tD(I,1)[@ )~)§ R(I,tl)(x, SQR(},~)(~,Sc)]} 

1 O rs( l , l ,2)  2 (* l) - (l,O " * ] - v R i,i ( x , x )R  j,k (x ,x )  = 0  (l < i, j , l  < 3) 
+ ~ Tx~ t ' ,J . 

~)D ( 1,1 ) 
�9 - ;,k - 0  ( 1 < i < 3 )  
~-~k 

aR (2,~) 
- - = 0  O.~k 

~R(b:' R,l.,)au, +,,, , . ,  ar + 1 
~---i- + . Ox~ "" ,,~ a~  a ~ [s'blO'(x'~'x)] 

~ 0 [(  aui OUk] R ] 

+ 3 + a__~og>(x,~ ) I o Ox i 3n aX i [ S(~jI'II)(x"~'X)] 

+ n~l ~ [S(b,;,(x,~,~)] = 
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- r  w-x-- + --~-w 3Xk Dxj 

- 3 n  = 0  

(1 < i , j  < 3)  

where v - # / 9  and r = 1/18nB v The constant x is a new transport 
coefficient. The existence of the transport coefficient x means that the 
deformation of the fluid produces not only the stress, but also the stress 
correlation. This fact is a consequence of the Enskog-Chapman expansion. 

15. A SUFFICIENT CONDITION FOR A FLOW BEING LAMINAR 

If we neglect the three-point correlations S's, the last equation in the 
last section will take the following form: 

I,I) 0R (~.I) Ou i Ol~j OR(~) 0 OR(i# - _ _  a=o(l,l) a.o(1,1) 
O---T- + uk Ox----~ + uk O-~k - - -  k,j ~ - - -  ~,~ O~k 

- + Ox, ] 

1 0 R(2)I)(x,21 

+ I ~ j  R(~,2)(x,.~) _ 0 (I ~< i , j  < 3 / (130 / 

In the classical theory, a flow is a solution of the Navier-Stokes 
equations, and a laminar flow is a stable flow. In our scheme, a flow is a 
solution of the system of partial differential equations which govern not 
only the evolution of the density and the velocity of the flow, but also that 
of the correlations, and a laminar flow is a flow with vanishing correlations 

(1,1) R i,j �9 Now we are going to get a sufficient condition for a flow being 
laminar in our scheme. 
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From (130) we have 

aUg 3R(~') } 
axi axe 

_ _  + ~'*" k~/ atti 0 2 aUi OUk ]R(2~) 1 
ax, axg agx  +-gg, 1 

1 AR(29) = 0 + ~  

ax,. -5 ~'~ - ~ g~Txk + -aTx, axk 0x, 

a ~,(l,l) 
a n  i u . .  k , j  

- - 2  - -  
aXk ax~ 

Now we make the following assumption: All the correlations take the 
null boundary value. Having made this assumption, we have 

K ~ + ~  Ox, ~xk dxd~ 

1,1) 

f k,i dxd.~ = 2 R(29 ) Oui oR( 
Ox k 3xi 

In deriving the above equality we have taken the following fact, which is 
easy to verify, into consideration: 

~ o 

Let a > fl > y be the eigenvalues of the stretching tensor (aui/3x ~ + 
3Uk/3Xi). Assuming that 

�89 > Ka (131) 

we have 

2 R ( ~,0,4,.  ,r162 
~xi dxd2<< �89 axk ~Xk k,j . . . .  

6 M  3R(2)) 2 
< 1  31r ax i f (R(bl))2dxd2' ' /2 

- j 

where M is the norm of the matrix (auJOxk) in the three-dimensional 
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Euclidean space. Hence, 

If( .j,- 6 M  R(])10 dxd2  (132) 
< 1 - 3x-----~ 

On the other hand, we get the following equality from equality (130): 

1 d f(R(:,),0~dxd.~+ 1 :il~(1,1)p(l,1)[ ~Ui ~Uk) 

�89 ~'lll(1,1)lll(l,,) / OUj O~k) "St" ,)'" i,k*" i,j t OX-'~-lt'-~J dxd.~ 

t ~ + -a-g)R<2') ~axa~ 

[''.'*" i d 
+ J a x ~  ~ ~ K ~ + R(] '2) dxd)~ 

+':I )2( 1,,,;] 
OR(])]) OR(? d x d 2 =  0 (133) 

~x k + Ox--~ 

In virtue of the well-known inequality (3) 

A { f I ( ~ ) 2  ( ~f~k)2]dxd'~} 1/2 + ~(flil~dxd~) 'i~ 

We deduce the following inequality from (133): 

(134) 

1 d f (R (~ : j ) )2dxd2< 
2 d t  

+ max(...- ~.)f(R' bl')~,x d~ 

O x k dx d2 
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if 

2 4 x ( A ) 3 / 2 M ( a  2 + t~ 2 + ./2) '/2 

1 -- 3KtX 

Now it is easy to see that a sufficient condition for the flow being 
laminar flow is the inequality 

24r~43/2M(a2  + r 2  + ./2)I/2 
v >1 1 - 3xa  + A  max(a, -31) 

combined with inequality (131). It is worth while mentioning that if x were 
equal to zero, the conclusions in our theory and in the classical stability 
theory (3) would be identical. This fact is very interesting, because the 
starting points of the two theories are quite different. We think the new 
transport coefficient x will play an important role in the further study of 
turbulence phenomena. 
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